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GROUPS  OF  HOMOTOPY  EQUIVALENCES^ 
by 

Donald  W.  Kahn 

The  set  of  homotopy  classes  of  homotopy  self -equivalences 
of  a  topological  space  forms  a  group  with  a  multiplication 
induced  from  composition.  This  group  is  important  in  algebraic 
topology,  both  for  aesthetic  reasons  and  because  of  its  connection 
with  the  problem  of  finding  a  complete  set  of  homotopy  invariants. 
(In  general,  a  Postnikov  system  overdetermines  the  homotopy  type 
of  a  space.)  Nevertheless,  relatively  little  work  has  been  done 
towards  determining  these  groups.  They  are  known,  of  course, 
for  spheres  and  Eilenberg-MacLane  spaces,  and  they  have  been 
studied  in  certain  special  cases  by  Barcus  and  Barratt  (2). 

The  primary  purpose  of  this  paper  is  to  obtain  some 
information  on  these  groups  in  general.  The  method  is  inductive, 
and  it  is  connected  with  the  Postnikov  procedure  of  decomposing 
a  space  according  to  homotopy  groups.  I  actually  consider  two 
different  groups  of  homotopy  equivalences,  the  first  being  the 
ordinary  one  and  the  second  being  a  quotient  of  it  by  those  equi¬ 
valences  which  induce  the  identity  isomorphism  on  homotopy  groups. 
In  the  absence  of  any  structure  theory  for  non-Abelian  groups 
(which  may  possibly  be  Infinitely  generated),  it  seems  impossible 
to  determine  these  groups  exactly.  However,  I  can  determine  them, 
up  to  a  series  of  extensions.  The  organization  of  the  paper  is 
as  followsi  section  1  contains  some  preliminaries  and  the  basic 
definitions.  In  section  2,  I  establish  the  basic  exact  sequences. 
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The  section  3  contains  some  elementary  applications,  as  well  as 
a  determination  of  the  groups  in  some  special  cases  (such  as 
the  terms  in  a  Postnikov  decomposition  of  a  sphere). 


^fcMiiBPrieliim^nairiie| 

Throughout  this  paper,  all  spaces  will  have  a  base  point, 
which  will  be  preserved  by  maps  (and  homotopies)  unless  other¬ 
wise  mentioned.  For  sections  2  and  3,  we  shall  have  to  assume 
that  the  spaces  have  the  homotopy  type  of  a  1 -connected  complex. 
We  denote  by  ^(X)  the  group  of  homotopy  class  of  homotopy 
equivalences  from  X  to  X  . 

I  do  not  know  what  functorial  properties  <^t(x )  has  in 
general.  However,  we  have  the  following  elementary  fact. 


Prop .  1.1  is  a  contravariant  functor  on  the  category  of 

spaces  which  have  the  same  homotopy  type  as  a  fixed  space  X 

and  maps  which  are  homotopy  equivalences.  That  is,  if  f  :  X — >Y 

(2) 

is  a  homotopy  equivalence,  there  is  a  homomorphism 

g  (f  )  :  g.  (Y)  - > 0.  (X)  such  that 

1  .)  (Id.)  -  Id. 


2.)  If  Q;  Y 


->  Z  is  a  homotopy  equivalence. 


0  (9'f )  m  g  (f)'  ft  (g)  • 


Proof  s 


If  (a)  e  Q  (Y),  then  s 


**  #(f 


)  {  a}  ■  { f •  a*  f  )  . 


Def .  1 .1  Denote  by  j(X)  the  subset  of  g  (X)  consisting  of 
those  homotopy  classes  whose  elements  induce  the  identity  iso¬ 
morphism  on  the  homotopy  groups  of  X  . 

Prop.  1.2  CL  i<x>  ie  *  norm*l  subgroup  of  C£,  (X). 
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Proof :  C^j(X)  *s  cl#arly  *  subgroup.  If 

and  {jOe(^(X),  it  is  clear  that 
identity  isomorphism  on  homotopy  groups,  so  that 

mt«H  y1}  e  g  T(x>  . 

Def.  1.2  Denote  Q  N(X)  -  ^X^^j(X)  * 


{a}egj(X) 
induces  the 


Remark;  It  is  easy  to  construct  examples  for  which 


1 


/  Q  i(x> 

o 


Now,  suppose  X  is  a  fibre  space  over  B  (by  which  we 
mean  that  there  is  a  map  p  :  X  — ■  ■  - >  B  which  satisfies  the 
covering  homotopy  property  for  maps  of  any  space  into  B).  We 
consider  homotopy  equivalences  of  X  which  cover  the  identity 
map  of  B  .  That  means  we  have  a  commutative  diagram 


X  - 2 - >  x 


B 


If  a  and  a'  are  two  such  homotopy  equivalences,  then  a*  o  o 
again  covers  the  identity.  A  homotopy  inverse  a~^  for  a  map  a 
covering  B  is  a  map  a"1  which  covers  B  so  that  a”1  •  a 
and  a*a-1  are  fibre  homotopic  to  the  identity. 

Prop.  1 .3  Fibre  homotopy  classes  of  homotopy  equivalences 
a  which  cover  the  identity  on  B  fora  a  group,  under  composition. 

We  denote  this  group  by  £^p(X)  •  There  is  a  natural  homo¬ 
morphism 


Pr oof  t  Consider  two  maps  a  end  a'  as  above*  and  denote 


their  fibre  homotopy  classes  by  (a)  and  {a*}  .  Clearly, 
a- a'  is  a  homotopy  equivalence  which  covers  the  identity.  One 
easily  checks  that  {a<aa}  is  independent  of  the  choices  of 
representative  in  (a)  and  {a1},  so  that  these  classes  compose. 
Inverses  exist  by  definition. 

The  map  p  p  associates  with  every  fibre  homotopy  equivalence 
class  the  corresponding  homotopy  class. 

Remarks  In  Prop.  1.3,  I  have  assumed  the  existence  of  inverses 
for  fibre  homotopy  equivalences,  such  that  the  two  compositions 
are  fibre  homotopic  to  the  identity.  In  the  case  which  we  shall 
consider  in  section  3,  the  existence  of  these  inverses  will 
follow  from  a  theorem  of  A.  Dold  (5). 

Next,  we  define  Postnikov  systems  and  discuss  their  basic 
properties. 

Def .  1.3  Let  X  be  a  space  (which  is  assumed  to  be  connected] . 

A  Postnikov  system  for  X  consists  of  a  family  of  spaces  XR  , 

n  >  0  ,  maps  XT'  :  X  — — >  X  .  and  p  :  X  — >  X  ,  such  that 
—  r  ' '  n  n  n-1  rn  n 

1.  If  X  is  k-connected,  Xj  *  point  for  i  <  k  . 

2.  TT  „  s  X  -  ->  X_  .  is  a  principal  fibre  map,  with 

n  n  n- 1 

fibre  K(TTn(X),  n). 

3.  pn  is  an  n-equivalence . 

4*  pn  :  pn-1  * 

We  denote  the  system  by  (X  ,  p  ,  TT  }  . 

n  n  n 

Then  the  following  theorem  is  known  (see  (6)  and  (7)). 
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Theorem  1 .1 

Let  X  and 
complexes.  Let 


f  :  X  - 
n  n 


->  X' 
n 


<*;•  ^  '  .  p’  > 

n 


X*  be  spaces  of  the  homotopy  type  of  1-connected 
f  s  X  — — >  X'  .  Then  there  are  maps 
for  any  Postnlkov  systems  ^n»TTn»  Pn^  *nd 
for  X  and  X*  (resp.),  such  that 


tt 


t 

n 


n-1 


•  IT 


n 


and 


Pn  •  f  :  f 


•  p 

n  Kn 


If  the  k-invariants  (images  of  the  fundamental  classes 
under  transgression)  are  denoted  kn  and  k  n  »  we  have 


fn.r  kn  -  fn-2 


where  ***•  coefficient  homomorphism  induced  by  the 

map  f#  :TTn-1(X)  - >TT'n_1(X')  . 

If  f,  q  s  X  — — >  X'  and  f  ;  j  ,  then  fR  ^  Cj  n  for  all 
n  >  0  .  (In  fact,  any  maps  which  satisfy  the  same  conditions 
as  fn  and  ^  n  are  homotopic.) 

We  then  have 

Cor.  1 .1  If  f  is  a  homotopy  equivalence,  then  each  fn  is 
also  a  homotopy  equivalence. 


Prop .  1.4  Let  X  be  as  in  Theorem  1.1.  Then  the  correspondence 
f  "  —  ■>  f  defines  homomorphisms 

p  -  JW-.W  ,  .  >o 

Pn  'jjN(,1> 

Proof:  By  Cor.  1.1,  fR  is  a  homotopy  equivalence.  Since 
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t  is  determined  up  to  homotopy  by  the  homotopy  class  of  f  , 
n 

ths  map  p  is  well-def ined.  I#  f  e^j(X)  *  ^  ^8  clsar  that 

#n  e0I*Xn**  HenC8»  f  N  18  Wa  ®U8t  8how  that  p 

is  a  homomorphism.  Lat  fj.»  fa  5  X  — — >  X  be  homotopy  equi¬ 
valences.  Then,  we  have  a  homotopy  commutative  diagram 


Pn  i  Pn 


Ihl jq — >  x  - itaii 


'n  n 

and  a  homotopy  commutative  diagram 

->  X 


**-*.!■ 


1 


.( fa.:  fain - -  x 


>  X 


Thus,  as  in  Theorem  1.1,  we  must  have  (fa*fi)n  1  (*a)n*(*i)n  • 
(That  is  to  say  (fa-fx)n  «"d  (^a)n*(fi)n  arB  both  induced 

maps  on  Xn  for  f#*fx,  and  hence  they  are  homotopic). 

(See  (7)). 

It  follows  that  P  N  is  a  homomorphism. 


2iI-jni£BiExactBi^^ 

The  purpose  of  this  section  is  to  show  how  one  can  determine 
the  groups  defined  above,  up  to  a  sequence  of  extensions.  The 
procedure  is  practical  only  when  there  are  a  finite  number  of 
extensions  and  only  when  certain  information  about  the  spaces  in 
question  is  known.  I  will  illustrate  such  cases  in  section  3. 

For  the  present  section,  recall  that 
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Q  (K('TT  *n) )  -  Aut  (IT)*  ^(KCn**  m))  •  1,  and 
(K('Tr,a))  -  Aut(7 T).  Thus*  we  knew  these  groups  for  the 


first  non-trivial  term  of  s  Postnikov  system  (X  , 

n  n  n 

for  a  space  X  (which  is  assumed  to  have  the  homotopy  type  of 
a  1-connected  countable  complex).  We  shall  now  construct  exact 
sequences  which  determine  ^(XR)  (or^N(Xn);  *n  *#rB*  °* 

Q  (Xn  1  )  and  other  information  about  the  Postnikov  system*  at 
least  up  to  extension.  Thus*  we  shall  determine  the  groups 
^.(Xn)  inductively,  modulo  some  extensions. 

In  section  1,  we  defined  a  homomorphism  p  (X)  ■■■■  >^-(XR), 
Since  for  any  fixed  i  >  0,  the  terms  X^,  J  <  i  form  a 

Postnikov  system  for  Xj,  we  have  homomorphism  s  ^ 

We  shall  be  particularly  interested  in 

e"  *#<V  - >(^<X»-1>  ‘  "  * 0  • 

(We  define  p  JJ  in  a  similar  way.)  We  plan  to  analyze  the 
kernel  and  image  of  this  homomorphism. 

We  suppose  that  X  is  (m-1  )-  connected*  and  that  n  >  m  . 


)  .  We  have 


Lemma  2.1  Consider  p  n  *^(xn)  ~~ *  >  0~^xn-1 

Im(pn)  -  )  |  3  fc  e  Aut(frn(X))3fckn+1-f*_1  kn+1 ) 

where  kn+1  e  Hn+1 (Xn_^  jTTn(X))  is  the  k-invariant  and  fc 


is  to  be  interpreted  as  a  coefficient  homomorphism. 
We  denote  Im(  pn)  -  F(Xn-1). 

Proof*  Consider  the  diagram 
i 


K('TTn(X),  n) 


n 

t 


n 
n-1 


J zL 


>• 

h 


K(TTn(X).  n) 


->  X 


n»1 


I 
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where  i  Is  the  injection  of  the  fibre.  If  there  is  a  nap 

f  i  Xw  - >  Xn  wh 

n  n  n 

as  is  shown  in  (6), 


X  which  nakes  this  diagram  commutative,  then 
n 


c  .  n+1 
n'4t 


(t)l  k 


f*  kn+1 
rn-1  * 


Hence,  if  {fn_.|}  is  an  image  under  n,  it  belongs  to  the 
right-hand  side  of  the  equation  which  we  are  proving.  On  the 
other  hand,  suppose  {fn_,j}  belongs  to  the  right-hand  side. 
Then  there  is  fc  e  Aut  (TT^(X))  so  that  fc  kn+1  ■  f*_1  kn+1 


Taking  fc  i  K(TTnOO,  n) 


K(TT  (X),  n)  to  be  a  fibre  map, 
n 


we  may  construct  a  commutative  diagram 

X  - - -  xn  . 

n-1  n-i 


I 

sK 


n+1 


K(tTn(X),n) 


n+1 


■>  K  (TTn  ( x ) ,  n ) 


where  En+1  is  homotopically  equivalent  to  kn+1 


Regarding 


kn+1  and  £n+1  as  maps  into  classifying  spaces,  we  get  a 


commutative  diagram 
X 


->  X. 


n-1 


n-1 


->  X 


n 

Pn 

f 

n-1 


n+1 


by  homotopy  changes,  XR  by  bundle  equivalence. 


Varying  k 

Hence,  there  is  a  homeomorphism  h  such  that 


\  /•■ 


n-1 


I 
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commutes,  so  that  we  may  define  f  »  h  •  f  .  Then  f  makes 

n  n  n 

our  original  diagram  commutative,  so  that  (fR  ^ }  is  in  the 
image  of  p  n  .  (fR  is  a  homotopy  equivalence  because  it  follows 
from  the  five-lemma  that  f  induces  isomorphisms  on  homotopy 
groups,  and  we  may  then  apply  Whitehead's  theorem.) 

The  determination  of  ker(p^)  requires  more  work.  Recall 
that  (by  Prop.  1.3)  for  a  given  Postnikov  fibration 
Tfn  s  — >  X  .j  ,  we  have  a  group  of  fibre  homotopy  classes 

of  fibre  homotopy  equivalences.  '7e  note  the  following  facts: 
Each'TT'n  :  X^  — — >  Xfi  1  may  be  taken  as  a  principal  fibre  bundle 
with  group  K(TT^(X),n),  and  paracompact  base  (the  base  may  be 
built  from  path  spaces).  Each  TT  n  «  Xr  — — >  Xn-1  is  locally 
trivial.  We  then  have  the  following 

Prop.  2.1  (A.Dold).  If  f  :  Xn  — >  Xn  is  a  homotopy  equi¬ 
valence  such  that  TTn  '  f  m  7Tn*  then  f  is  a  fibre  homotopy 
equivalence . 

Proof :  See  Theorem  6.1  of  (5). 

As  in  Prop.  1.3,  we  conclude  the  following 
Prop.  2.2  The  set  of  fibre  homotopy  classes  of  homotopy  equi¬ 
valences  f  :  X  — — >  X  ,  such  that  *7 T  •  f  « 'Tf'  ,  forms 

n  n  n  n 

a  group,  which  we  denote  (1.  -  (X  ) 

•  o  n 

Lemma  2.2  There  is  a  homomorphism 

Pf- 

whose  image  is  ker(  p  )  . 

Proof .  If  it)  s  (^-p(Xn),  *  i*  •  homotopy  equivalence, 

whose  homotopy  class  we  denote  by  X?p{f).  Both  Pp{f)»pp{g) 
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and  pp{f«g)  ara  represented  by  f.g,  so  that  p  p  is  a 
hoaonorphiso. 


If  {f}  e  Im(|5p),  {f}  contains  a  map  f  ^ 

Thus,  {f>  e  ker(p).  If  {f>  e  ker(p  ),  fT^f  Z  *nd  by 

the  covering  homotopy  property,  we  may  choose  ?  ^  f  so  that 
nrn  *  ?  ■  TT  n  •  Thus,  (f >  e  Im  (  pp)  . 

Lemma  2,3  ^«p(Xn)  *s  l80®0*^*6 »  18  8  8®t,  to  a  subset  of 

Hn(X  *  'lY  (X ) ) .  The  multiplication  in  Q-'-fX  )  is  given 
n  n  rj  r  n 

explicitly  by  the  action  of  the  fibre  K(TT  (X),n)  on  X  (see 

n  n 

proof).  The  subset  of  Hn(X  t  <r r  (X))  is  determined  by  the 

n  ’  n 

inclusion  of  the  fibre  i  s  K(lY  (X),n)  — — >  X 

n  n 

Proof :  Let  h  s  — — >  Xn  be  a  fibre  homotopy  equivalence. 

Then,  if  x  e  Xn#  x  and  h(x)  belong  to  the  same  fibre.  Hence, 
there  is  a  unique  a  e  K(TTn(X),n)  such  that  a*x  -  h(x).  The 
correspondence  x  — ->  a  defines  a  map 

h*  8  Xn  - -  K(  n(X),  n) 

so  that  h**  I  ( X.)  *  h*  (i  (X) )  •  i  (X/)  is  a  homotopy  equi¬ 

valence  on  K(TTn(X),n)  •  Conversely,  if 

2*  «  Xn  - -  K(1rn(X),n) 


is  such  that 
checks  that 


« 

3 
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*  i  is  a  homotopy  equivalence,  one  easily 
i 8  a  homotopy  equivalence,  where  g  (X)  »  Gj*(X),% 


It  is  easy  to  see  that,  under  these  two  correspondences, 
homotopy  goes  over  to  fibre  homotopy  and  visa  versa.  The 
correspondences  are  clearly  inverses  of  one  another,  so  that 
Q*fr(X)  *8  1°  1*1  correspondence  with  the  subset  of 


h*  t  Hn  (XR  i7T'n(X))  such  that  h*  *  1  is  a  homotopy  equi- 
valsncs. 

Consider  2  fibre  homotopy  equivalences  f  and  g  .  We  may 
write  g*f  as 

X„  K(1T  (xh  n)  x  X„  -J±—>  X„  ----—>K(1T  (X),n)  x  X-A* 


where 


A 


denotes  the  action  of  the  fibre  on  X. 


This  shows  how 


the  multiplication  in  (^p(Xn)  viewed  as  a  subset  of 
Hn(X  }'TTn(X)).  is  determined  by  the  action  of  the  fibre. 

Lemma  2.4  l(Xn)  "  ker(pp)  is  the  group  of  those  fibre  homo¬ 
topy  equivalences  which  are  globally  homotopic  to  the  identity. 

It  is  described  by  the  action  of  K(tt'n(X),n)  on  Xn  (see  proof). 

Proof :  Let  a  e  X(Xn).  *hen  *  (Id.),  i.e.  any 

f  e  a  is  globally  homotopic  to  the  identity.  Conversely,  if 
f  e  o  is  globally  homotopic  to  the  identity,  a  e  ker(pp). 

As  above,  we  may  write  f  as  the  following  composition 
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\  —  ■*■'»  «-R'„(X),n>  «  X„  -A—>  X„ 


Suppose  we  denote  by  (J~  :  H*  (Xn ;  TT'n(xn^  <TT[Xn,  XR]  the 

operation  described  by  the  proceeding  formula.  Then,  we  can 
say  that  (f)  e  ^(X^,  **  end  on*y  CT(f*)  ■  (id.)  . 

Summarizing  what  we  have  proved,  we  have 

Theorem  2.1  :  Let  the  space  X  have  a  Postnikov  system 

{X  /IT  ,  p  )  .  Then,  for  any  n  >  3,  we  have  an  exact  sequence, 
n  n  n  ~ 


->  ker 


<(>>—■ >  r<Vi> 


and  an  exact  sequence 
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■!<*„> 


->  1 


->  ^p(xn)  ker(p) 

Qk,  (X  )  is  in  1-1  correspondence  with  a  subset  of  Hn(X  JlT-fX)). 
r  n  n  n 

The  multiplication  in  0/*p(Xn)  is  explicitly  determined  by  the 

map  yiZ  ;  K(-Tfn(X),n)  x  Xr  - -  XR  .  The  subgroup  l(Xn)  l* 

also  determined  explicitly  by  . 

Next,  we  consider  the  groups  •  To  simplify  notation, 

let  us  agree  to  WTite  a  subscript  1  to  indicate  the  subset  of 
the  group  under  consideration,  consisting  of  elements  which  induce 
the  identity  isomorphism  on  homotopy  groups,  (if) 


Lemma  2.5  ker(|3)j  ,  F(xn_i)  *  X(xn^i 
normal  subgroups  of  the  appropriate  groups. 

Proof;  They  are  all  clearly  subgroups, 
and  p  e  ker(p),  then  p-1  •  o  •  p  e  ker  ( 
topy  groups  (p_1.c’p)#  -  ( p"1 )#* ( °)fr • ( P)#  - 
The  rest  is  similar. 


*nd  ^F(V,  *" 
X  (X„)I  ■  X  (*„>• 

If  a  e  ker(  )j 
p  ),  while  on  homo- 
(P-1)#-(P)#  -  1  . 


Lemma.  2.6  The  following  diagrams  are  commutative.  (*/) 

1  - >  kerC^Jj  - -  ^(xn)j  - >F  <x n-i)I  - >  1 

"  n  n  n 

1  - >  ker (  ^  )  - >  ^(xn)  - *  F ^Xn-1  ^  1 

^?9f(x  n\  — >  k#r<P>i 

n  n 

1  - >  l(Xn)  - -  gW  - »ker(p) - >1 

Proof;  The  maps  in  the  top  rows  are  simply  restrictions  of 


the  corresponding  maps  in  the  bottom  rows. 
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Putting  these  facts  together,  we  get  from  Lemmas  2.1,  2.5 
and  2.6  and  Theorem  2.1,  the  following 


Theorem  2,2  Keep  the  notation  of  Theorem  2.1.  For  each  n  >  3, 
we  have  an  exact  sequence 

1  — >  *»<?  \  —■ — = >F<  V,  >,  — *  1 

Now,  it  is  well  known  that  the  nine-lemma  is  valid  on  the  category 
of  groups,  i.e. 


Lemma  2.7  Let  A’cA ,  B 'c  3*  C  'c.  C  be  normal  subgroups. 
Suppose  we  have  a  commutative  diagram 


in  which  the  columns  are  the  usual  exact  sequences.  If  the  first 
two  rows  are  exact,  then  so  is  the  third. 

Theorem  2.3  Keep  the  notation  of  Theorem  2.1.  Then,  for  each 
n  >  3,  we  have  an  exact  sequence 

1  - .  k.r(p)/k.r<p  ),  — »^,(Xn) - <*„.,>/?  (Vi1,- 

Proof »  Apply  lemma  2.7  to  lemma  2.6  and  Theorem  2.1  and  2.2, 


We  begin  the  applications  with  a  sequence  of  finiteness 
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theorems.  While  they  ere  straightforward  applications  of  the 
results  of  section  2,  they  do  not  seem  to  be  mentioned  in  the 
literature.  We  start  with  an  elementary  lemma. 


Lemma 


group. 


3.1 
and 
is  a 


Proof : 
is  finite. 


If  TT  Is  *  finite  (resp.  f intely-generated)  Abelian 
X  is  an  Eilenberg-MacLane  space  K(7 T",  n),  then 
finite  (resp.  finitely-generated)  group. 

We  have  £^(X)  -  Aut (/7T)  .  If  TT  is  finite,  Aut (TT) 
If  TT  is  finitely-generated,  we  may  write 


•  Z  +  .  .  .  +  Z  +  T 


where  T  is  a  finite  group.  It  is  clearly  sufficient  to  show 

that  Aut (Z  +  .  .  .  +  Z)  is  finitely-generated.  But  this 

amounts  to  asking  if  the  group  of  integer-valued  matrices  with 

determinant  of  absolute  value  1  is  finitely-generated.  This 

($’) 

last  fact  is  known.  (See,  for  example,  (3)). 

Theorem  3.1  If  X  has  f initely-many  non-zero  homotopy  groups, 
each  of  which  is  finite,  then  ^(X)  is  finlte* 


Proof:  Let  (X  ,  p  ,7T  )  be  a  Postnikov  svstem  for  X  . 
™  n  n  n 

If  Xm  ■  K ('jTm(X)  m)  is  the  first  non-trivial  term,  then  by 


lemma  3.1 ,  Q/(Xn)  is 
^'(Xn_1)  is  finite. 


Is  finite.  We  assume,  for  induction,  that 
Then,  /-~(Xn_, j)  is  finite.  It  is  clear 
that  Hn(Xn;-TTn(X) )  is  finite,  so  that  by  Theorem  2.1,  ker^®  ) 
and  hence  ^/(Xn)  is  finite. 

Remark:  I  do  not  know  whether  Theorem  3.1  is  true  if  one  replaces 


the  word  finite  by  finitely-generated.  This  theorem  is  clearly 
the  crudest  theorem  one  could  state  in  this  case.  Actually, 
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using  Theorem  2.1,  one  can  derive  information  about  the  order 
of  elements  in  Details  are  left  to  the  reader. 

In  the  dame  spirit,  we  have 


Theorem  3.2  Let  X  be  an  Abelian  topological  group.  We  suppose 
that 

1. )  The  first  non-trivlal  homotopy  group  is  finitely- 

generated. 

2. )  There  are  f initely-many  remaining  homotopy  groups, 

all  of  which  are  finite. 


Then  ^'''(X)  is  * initely-generated. 

Proof;  Take  a  Postnikov  system  {X  ,  p  /?Tl}  for  which 
■ . .  n  n  n 

all  k-invariants  are  zero.  Then,  we  have  ^'(X^  )  *  F"  (xn_j ) 
for  all  n  .  The  theorem  then  follows  from  Lemma  3.1  and 
Theorem  2.1  . 


Example:  Let  X  -  K(Za, 
Xa  -  K(Z8,  2),  X3  -  X  . 
exact  sequence 

1  - -  ker (  p)  - - 


2)  x  K(Za,  3).  W*  then  have 
Clearly,  ^/(X^  ■  1  .  We  have  an 


^(x3) - -  1  - >  1 


We  determine  ker(^>).  The  homotopy  class  of  f  is  detarmined 
by  what  it  does  to  the  two  fundamental  classes  i2  and  i3  . 

We  have 


f*(i2)  -  i2  x  1 

f*(i3)  -  1  x  i3  ♦  J?(l2)  *  1 

* 

where  ^(ij)  is  zero  or  the  non-zero  element  in  H  (Z8,  2,  Za)  . 
Hence,  ker(p)  -  C>(X3)  -  Za  .  Now,  H3(X3*  Za)  -  Za  ♦  Za  . 
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However ,  ^^(Xj )  has  only  2  elements.  To  see  this,  note  that 
there  are  four  maps  (or  homotopy  classes) 

h*  t  X3  - >  K(Za,  3) 

according  as 
* 

(h*)  (i3)  -  1  x  i3,  5^'  i2  x  1  ,  1  x  i3  +Sy  i2  x  1  ,  or  0. 

In  each  case,  the  homotopy  equivalence  would  be 
X  - — 2L-i>  k  (Za ,  3)  x  X  -y^>  X  . 

One  readily  calculates  (h*  x  1  )*  yZ.  *  in  the  four  cases.  The 
respective  answers  are,  on  (1  x  i3)  : 

^  '  i2  x  1  +  1  x  i3  ,  S/^'  i2  x  1 ,  1  x  i3 

and  on  ( i2  x  1  ) s 

i2  x  1 ,  i2  x  1  ,  i2  x  1 ,  i2  x  1 

Hence,  only  in  the  second  and  fourth  cases  does  one  get  a  homo- 
topy  equivalence.  Thus,  ^p(X3)  “  ker(^>)  ■  Z2»  and 
of  course,  ^  (Xn)  »  1  .  This  last  fact  may  also  be  checked 
directly. 

Note  that  both  elements  in  (^(X)  induce  the  identity  on 
homotopy  groups.  We  recall  the  following 

Def.  3.1  A  space  X  is  a  Moore  space  of  type  (/TT,  m)j  if 

H.  (X  ,  Z)  -  °*  1  *  ■ 

1  IT,  i  -  m 

Theorem  2.3  Let  (Xn,  Pn,ir’n)  be  any  Postnikov  system  for  X, 
where  X  is  a  Moore  space  of  type  (“TT,  m),  m  >  1  .  We  suppose 
Ext  (TT»TT|b+.|  (X) )  ■  0  .  Then  for  each  n  , 
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9 


(Xn)  d  Aut  (7T) 


as  a  subgroup. 

Proof :  By  ths  Hurewicz  Theorem,  X  is  (m-1 )  connected. 

*  ^(xm)  "  Aut  f'TT')  •  Suppose  Ojj  (X1)  C  Aut(TT)  for  all  integers 
i  ,  such  that  m  <  i  _<  p  .  By  Theorem  2.1, 


ker(p)  - >£^(Xp+1)  - >  F  (xp) 


->  1 


is  exact.  F  (Xp)  C.  C^/(Xp)  C.  Aut(TT)  •  Hence  it  is  sufficient 


to  show  that  H 


p+1 


<Vi  iirp.i00)  ’  0  •  As  x  *n<l  Vi 


have 


the  same  (p+l)-type 

«P+1  (  Vi  (x))  ~Ho»(Hp+i  (X;Z).TT-  p+1  (X))  ♦  Ext(Hp(X;Z),-lTp+1  (X) 

^Ext  (Hp(X;Z)i1Tp+1(X))  . 

If  p  ■  m,  this  is  zero  by  assumption.  If  p  >  m,  Hp(X;Z)  •  0  . 

•  As  an  application  of  this,  we  have 

Cor.  3.1  Let  {Xn,  Pn»TTnJ  be  a  Postnikov  decomposition  of 
the  sphere  Sn,  m  >  1  .  Then 

cp„)  ■  *. .  n  >  .  . 

Proof :  By  Theorem  3.3,  ^(XR)  d.  Aut(Z)  ■  Z8  .  Let 

f  :  Sm  — — Sra  be  a  map  of  degree  -1  .  Then,  ffl  :  Xn  — — >  Xfl 
induces  a  non-trivial  automorphism  on  TT^X  )»  so  that  we  have 

zaC^(xn)  . 

This  corollary  is  of  possible  interest  because  relatively 
little  information  is  available,  at  present,  about  the  spaces 
X.  . 


Cor.  3.2  Let  {X  ,  p  ,'TT'  )  be  •  Postnikov  decomposition  of  the 

—  —  —  n  n  n 
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complex  projective  epace  CP(m).  Then  ^  (Xfl)  -  Z8, 


for  n  >  2  . 


Proof:  CP(m)  »  S^v _ e4 


CP(-)  - U  CP(m)  -  K(Z,2)  . 
m 


'TTa(CP(m) )  -  Z,  '7T'i(CP(m)>  -  0  for  2  <  i  <  m  .  Henc  e,  we  have 
Hn(Xn  ;  'TT  n(CP(m) )  -  0,  i  >  2  . 

Thu#,  ker(^>  )  -  1,  and  (X^)  C  0/^  ^xn_i )  C.  Za  .  Of  course, 
this  corollary  is  just  a  special  case  of  a  similar  result  for 
the  n-skeleton,  n  >  m,  of  a  space  K(‘7 T,  m)  . 

Remarks : 

1.  I  would  like  to  point  out  the  folloMing  general  problems 
about  the  groups  (^(X), 

a. )  What  functorial  properties  does^^(X)  enjoy?  As  an 
example  of  the  difficulties,  let  Cl  denote  the  category  of 
K('T{“,  ®)  spaces,  m  >  1  fixed,  'TT*  nn  abelian  group,  and  homo- 
topy  classes  of  maps.  Homotopy  classes  {f}  are  in  1-1 
correspondence  Mith  group  homomorphisms .  The  functorial  properties 
of  ^  on  this  category  (if  any)  are  the  same  as  those  of 

Aut  on  the  category  of  Abelian  groups. 

b. )  If  (E,F,B|p)  is  a  fibre  space,  Mhat  are  the  relations 
betMeen  ^(E),  Cj/  (F)  and^(B).  Using  the  naturality  properties 
of  the  Moore-Postnikov  system,  I  can  obtain  information  Mhen 

F  has  f initely-mary  non-zero  homotopy  groups. 

c. )  What  relations  exist  betMeen  fi^X),  fy(SX)  •  nd^MflX)  ? 


What  relations  exist  betMeen 
AC.  X  7 


»«n  0-<X),^(SX)  and (0.X)  ? 
^(X),^/(A)  and^^  (X/A),  Mher 


•***'"■  ft* v# 
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2.  M.  Atiyah  (1)  has  dateroined  (B^  ) ,  as  a  consequance  of 
his  work  on  vactor  bundlas.  Ha  shows  thafTTCBy,  By]  is  tha 
image  of  tha  functor  ^0  of  Boral  and  Serre  (4).  Along  with 
Cor.  3.2,  one  ought  to  ba  able  to  determine  ^  (X),  when  X 
is  a  complex  Grassman  manifold. 

3.  If  X  is  a  homotopy-Abelian  H-space,  /TT'[X,X]  is  an 
Abelian  group.  Using  coopostion,  (X)  becomes  a  group  of 
operators  on'flr[X,X],  on  the  left  or  right.  I  hope  to  consider 
this  case  in  a  subsequent  paper. 
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FOOTNOTES 

1.  This  work  was  partially  supported  by  contract  NONR  266(57). 

2.  Actually  an  isomorphism. 

3.  Remember  that  all  spaces  are  assumed  to  have  the  hoaotopy- 
type  of  a  1 -connected  complex. 

4.  We  interpret  F(Xn_.,)  as  the  subgroup  of  F(Xn-1)  whose 
elements  have  pre-iaages  which  induce  the  identity  on 
hoaotopy . 

5.  It  is  essentially  due  to  Minkowski. 


